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Abstract 

We generalize previous work on inhomogeneous pre-big bang cosmology by in¬ 
cluding the effect of non-trivial moduli and antisymmetric-tensor/axion fields. 
The general quasi-homogeneous asymptotic solution—as one approaches the 
big bang singularity from perturbative initial data—is given and its range of 
validity is discussed, allowing us to give a general quantitative estimate of the 
amount of inflation obtained during the perturbative pre-big bang era. The 
question of determining early-time “attractors” for generic pre-big bang cos¬ 
mologies is also addressed, and a motivated conjecture is advanced. We also 
discuss S-duality-related features of the solutions, and speculate on the way an 
asymptotic T-duality symmetry may act on moduli space as one approaches 
the big bang. 

PACS number(s): ll.25.-w, 98.80.Cq, 04.50.+h 


Typeset using REVTjjjX 


*Permanent address: Institute for Theoretical Physics, Hoza 69, 00-689 Warsaw, Poland. 


1 



I. INTRODUCTION 


After some pioneering work [|^, string cosmology took a new turn with the realization 
that, as a result of its duality symmetries it naturally provides, even in the absence of 
potential energy, standard (FRW) as well as inflationary cosmologies. The crucial role of a 
dynamical dilaton in providing inflation then became clear. 

This observation led to the idea of the so-called pre-big bang (PBB) scenario P|[ ac¬ 
cording to which the Universe started its evolution from a very perturbative initial state, 
i.e. from very weak coupling and very small curvatures. It then inflated towards larger 
(space-time) curvatures and coupling during the pre-big bang phase and, possibly after a 
stringy epoch, eventually made a transition (exit) to the standard radiation-dominated era. 

While early work concentrated mostly on homogeneous, Bianchi I-type cosmologies, and 
on small perturbations around them, a number of extensions of the original scenario have 
been considered more recently, including some p trying to incorporate the latest theoretical 
developments in string theory. Within a more traditional string theory framework, a more 
general setting was recently considered p. In that approach, given some initial data deeply 
inside the perturbative region, but otherwise arbitrary, their evolution is followed towards 
the big bang singularity in the future. It turns out that the evolution of fairly homogeneous 
initial patches can be described analytically and that a large fraction of those patches in¬ 
flates, becoming increasingly flat, homogeneous and isotropic. In the special case of exactly 
homogeneous and isotropic—but non spatially flat—cosmologies, explicit solutions can be 
found 0 0. Also, some scepticism on the naturalness of the PBB picture arose 0. 

If the above results are coupled to the assumption that a “graceful exit” does indeed take 


place (see |]^ for recent progress on this issue), the usually assumed Big Bang conditions (a 
hot, dense and highly-curved state) will be the outcome—rather than the starting point— 
of inflation. Several interesting phenomenological consequences of the whole scenario have 
been worked out, particularly on the possibility of generating an interesting spectrum of 
gravitational waves [0 and of cosmic magnetic helds |]^. Of particular relevance could 
be the recent observation that pre-big bang cosmology can lead to a scale-invariant 
spectrum of axionic perturbations. 

The purpose of this work is to improve on the results of 0 in various respects, as explained 
in the following outline: in Sec. ||, we formulate the problem directly in the string frame 
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while adding extra dimensions as well as the antisymmetric-tensor held We thus recover 
the results of and are able to extend them to the case of quasi-homogeneous and 0 

helds. In Sec. ^ we re-express the four-dimensional case with torsion and a single internal- 
space modulus in terms of the axion held and construct the general asymptotic solution for a 
quasi-homogeneous axion background. We also look at the solutions in the Einstein frame in 


order to expose, as simply as possible, their S-duality properties. In Sec. we discuss the 
limits of validity of our asymptotic solutions, from the point of view of both the breakdown 
of the tree-level low-energy ehective action and of that of the gradient expansion. We are 
thus able to estimate the duration of the PBB era and the number of e-folds it generates, and 
to conjecture that the far-past “attractor” of generic (negative-curvature) PBB cosmologies 
coincides with the Milne Universe appearing in the explicit solution of |Q, |Q]. Section |V| 
contains some concluding remarks, while we discuss in the Appendix the structure of the 
“momentum” constraints, as well as their solutions, in the particular case of 2-1-1 dimensions. 


II. PRE-BIG BANG COSMOLOGIES WITH QUASI-HOMOGENEOUS TORSION 


A. General lowest-order pre-big bang equations 


In this section we write down the classical equations of motion of string gravity at lowest 
order both in the a' and in the string-loop expansion. Such an approximation should be valid 
at early enough times since, in the pre-big bang scenario, the initial state of the Universe is 
taken to be deeply inside the perturbative region. Unlike in [0 , we work directly in the string 
frame, where the physical interpretation of the solutions is most immediate, and we consider 
the effect of internal dimensions as well as that of a non-trivial antisymmetric-tensor field. 

The low-energy effective string action m. D = d+1 space-time dimensions is Q 


c5 _ 
‘^eff — 




d^x 






( 2 . 1 ) 


where 


^ We will use the signature ...,and the following conventions “ 

... , TZ^i, = ppy We indicate with Vp the covariant derivative compatible with the metric 
while Vi, R stand for the covariant derivative and curvature obtained from the (spatial) metric gij. 
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(2.2) 


H^i/p dp^Bi/p dyBpp -\- dpBpy . 

The equations of motion derived from the action m are well known: 

7^ + V,4> - d^4> du4> - ^ = 0 , (2.3) 

t = (2.4) 

e-^ = 0 . (2.5) 

Invariance nnder general coordinate transformations and — d^A^ allows 

ns to bring the components g^^ and Bq^ to the form 

fi'oo = ~15 S'Oi = 0; Boi = 0. (2.6) 


In this (synchronons) gange we rewrite the above eqnations, explicitly distingnishing time 
and space derivatives. To this end we introdnce 


x] = a Soatj, (l> = <t>- log(v^), 


(2.7) 


and then rewrite Eqs. ( p.3D -( ^75|) in the form 


^=in'(,y) +(2.8) 

i b + -\x'A-\ «m + \ a‘"'a'“ Sj. = o, (2.9) 

77 + j Tr(x^) +'41 -24 + 2V‘ Vi4- g'‘ 8,4 8 j 4 - b Hta + 1 g'^ g’‘ B,j Bti = 0, 

( 2 . 10 ) 


di{e-^g^^g^^B^,)=0, 

(2.11) 

do (e-^ g^’^ g^^ B^i) - di (e"^ = 0, 

(2.12) 



i (Si9«) + 8,4-1 xi 8 j4 - I bt H.’" = 0 ■ 


(2.13) 
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Equation (|2.13|) represents the so-called “momentum” constraints which, as such, do not 
contain second-order time derivatives. The remaining (so-called “Hamiltonian”) constraint 
is easily obtained by combining Eqs. ( |2.8| ) and ( |2.10| ) and reads 

R-^ Tr (x^) +f + 2 V. 9,0 9,0 - ^ ^ g^^ g^' 4 = 0. (2.14) 


Both ( p.l3 ) and ( 2.14|) need only be imposed at a given time: the evolution equations then 
ensure their validity at all times. 

Equation (|2.8|) is independent of spatial gradients and gives the important general result 


> 0. 


Following 1^, our approach will consist in Erst solving Eqs. (|2.8|) - (|2.12|) neglecting spatial 
derivatives. As a result, the integration “constants” in the time-dependent solutions are 
actually functions of the spatial coordinates. The “momentum” constraints (p.l3|) imply d 
relations among those arbitrary functions, reducing their actual number to the physically 
correct value. The “momentum” constraints are notoriously difficult to solve: in this paper, 
we will just assume that they are somehow implemented. In the Appendix we will discuss 
their explicit form in the case = 0 and D = 3, where solutions can be formally given in 
terms of quadratures after a convenient choice of the spatial coordinates has been made. 

In the following two sections we proceed to hnd quasi-homogeneous solutions, by neglect¬ 
ing gradients in the equations. We hrst discuss the case = 0, recovering, in D = 4, the 
results of [0, and then consider the general case. 


B. Quasi-homogeneous solutions with Bnu = 0 


Neglecting spatial gradients and comparing Eq. (^^) with Eq. (|2.14|) we obtain 

t 


0(f,f) = 0o(f)-log 1 


to 


(2.15) 


while Eq. (|2.9|) gives 


x,^-x/0 = o. 


(2.16) 


Hence the solution for gij reads 
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(2.17) 


/ t \2aa{x) 

^ e“(f)e“(f) (l -, ^Q;„(f) = l, 

a \ to/ a 


where e“ are arbitrary “dreibein” matrices and the constraint on implements Eq. (|2.14|) 
For the dilaton 0 we get 


i) = 4(S) - 7(i) log (^ “ I;) " = 1 “ S “c■(^) 


(2.18) 


The solntions for gij and 0 are the most general ones; indeed they depend on d{d — 1) 
arbitrary fnnctions of space (after imposing the “momentnm” constraints and after gange- 
hxing the spatial coordinates). In d = 3 these solntions reprodnce those fonnd in 0] by 
transforming to the string frame the solntions fonnd in the Einstein frame. 

Using dicj) = 0 the “momentnm ” constraints, Eq. p.l3|), can be written in the form 


4(\'i‘o"*) - ie-*Tr|(G-'8,G)(G-‘G)] = 0 


(2.19) 


Introdncing the solntions (|2.15|) and ( p.l7|) in Eq. (|2.19|) we hnd 


J2dk{e ^ e>a) - e ^ = 0 , 


( 2 . 20 ) 


where we recall that it is snfficient to impose snch constraints at any given time. 

We are now able to discnss whether the asymptotic solntions show some remnant of 
T-dnality, which, in the case = 0, rednces to scale-factor-dnality (SFD) and to its 
generalization. It is qnite obvions from the form of the solntion that the transformation 




e 




( 2 . 21 ) 


generates, from any given solntion, a dnal one. It is less obvions to see how a more general 
Z 2 transformation (i.e. ckq —for some a) can be implemented, since the “momentnm” 
constraint changes in a complicated way. Nevertheless, the case of d = 2 discnssed in the 
Appendix snggests that even the fnll Z 2 dnality gronp can be represented in the asymptotic 
solntions. Understanding how that works in detail is beyond the scope of this paper. Snch 
an nnderstanding conld shed new light on some still ontstanding problems connected 
with the “non-Abelian” generalization of T-dnality . 
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C. Quasi-homogeneous solutions in the presence of 


In the homogeneous case it is possible 0 to recast the equations of motion in a form that 
is manifestly covariant under the global 0{d,d) group. This certainly suggests that some 
trace of this symmetry should also be present asymptotically in the inhomogeneous case. 
We hrst write down the equations of motion in the form 


= Tr(G'-^ B G-^ B) + ^ Tr(G-^ G G'^ G), 


( 2 . 22 ) 


0 ' + ^ Tr(G-i B G-^ B)-^ Tr(G-' G G) = -2VV + -R+^ , 


B G-^ B + (j)G - Gdo{G-^ G) 


— 2 Rij + 2ViV70 — — Hiki , 


j ij 


jy 


(2.23) 

(2.24) 


G 


-1 ■ 


B - G-^ B + G-^ G G-^ B + G-^ B G-^ G 


y —1 /y /^—1 


-1 D ry-l 


=-e^ di{e-‘t> Qkj , (2.25) 


where G = Qij and B = Bij are matrix representations of the dx d spatial part of the metric 
and of the antisymmetric tensor. We then introduce the usual 2d x 2d matrices 


M = 



1 

1 

to 

' 0 



1 ’ d = 



^BG-\ 

G-BG-^B j 


V 


dehne 


U = g,ng,kdi{e-‘^H^^>^), 

V = -e-^ (2 + 2 V, V,0 - i H,ki H/ 


and a new 2d x 2d matrix 

^ -G-^VG-\ G-^VG-^B -G-^U 

^ UG-^ - BG-^VG-\ V - UG-^B + BG-^VG-^B - BG-^U 


M = 


The equations of motion, (|2.22|) - (|2.25|) , then become 
dt [e-^(MpM)] = MgM, 

0 + - Tr(M g Mg) = 0 , 

8 

^ Tr (M p Mg) = -R-2\/i V> + g^^ dicj) ^ hf'"' • 


12 


(2.26) 


(2.27) 

(2.28) 


(2.29) 


(2.30) 

(2.31) 

(2.32) 
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If we neglect gradients we obtain 

e-^{Mr]M) =C{x), (2.33) 

C^(x) = -C(x), Mt]C{x) = -C{x)r]M, (2.34) 

$ = (2.35) 

Defining the “dilaton time” r 

r = J dt' = —to e^° log , (2.36) 

the general solution of the equations of motion is 

M(t, x) = exp [—C(x) rjr] Mo(x), (2.37) 

0(t, x) = '^o(x) - log (l - ) (2-38) 

with 

TT{Cr]y = 8e-^'^o/tl . (2.39) 


These solutions represent an obvious generalization of the homogeneous Bianchi I solutions 
given in [Q]. Disregarding gradients, equations of motion and their solutions given above 
are manifestly covariant under 0{d,d) transformations. On the contrary, the “momentum” 
constraints, which become trivial in the absence of gradients, cannot be expressed just in 
terms of the matrix M and thus appear to “break” T-duality. More explicitly, they read 

+2e-^a,$- ie-^Tr[(G'-'a,G)(G-iG')] - ^ = 0, (2.40) 

i.e. in terms of M 


e-^) + 2e-^d-^ + ^ e-^ M d,M] - e-^ (9^5,„) = 0 . 

Using Eq. (t^-llll we get the final result 


(2.41) 


dk {e"'^ [{G-^ G)\ - {G-^ B G'^ B)\] } + ^ TT[T]Mr]diM] + 2e-^d,^ = 0 . (2.42) 

In both Eq. (|2.11|) and Eq. (|2.42|) spatial derivatives of upper entries of the matrix e~^ MigM 
are present. They point to some remnants of 0{d,d) symmetry also in the inhomogeneous 


case. 










Hopefully, it is always possible to choose freely the matrix C, provided it satisfies 
( ^■34| ), (p^.39 ), and then solve the momentum constraints with respect to Mq{x). The ex¬ 
ample oi D = 3 given in the Appendix supports this conjecture. In this case the action of 
0(d, d) on the (moduli)-space of asymptotic solutions is in principle well defined even though 
it is difficult, in practice, to give it in an explicit form. 


III. SOLUTIONS WITH A QUASI-HOMOGENEOUS AXION 


In this section we limit our attention to the case in which all fields are independent of 
n = D — A internal compact coordinates. In this case the components of the antisymmetric 
tensor with /r, i/, p = 0,1, 2, 3 can be written in terms of the pseudo-scalar axion A as 


(3.1) 




where is the covariant, fully antisymmetric Levi-Civita tensor, satisfying = 0. 

We can then discuss, as an alternative to what we considered in the previous section, the 
case of a quasi-homogeneous axion field. Because of the duality relation between A and 
a quasi-homogeneous axion does not correspond to a quasi-homogeneous H-field. We 
shall carry out the analysis first in the string frame and then, in order to expose better 
S-duality-related features, in the Einstein frame. 


A. String-frame description 


We consider the possibility of a varying size (in ordinary space-time) of the internal space 


by introducing a single modulus field /?. The reduced action following from Eq. ( 0 ) becomes 



/ 


where <p stands for the effective four-dimensional dilaton field 


(f = (j) — n (3. 


The equations of motion become 
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(3.3) 

(3.4) 








Si,(V^e’*a‘“'9^A) =0, 

a,(^e-^g‘“-a,p) = o. 


(3.5) 

(3.6) 


Using Xij = doQij, we can rewrite these equations in the synchronous gauge in the form 

- ^ + i Tr(x2) + 1^ + 1 d,A d,A + = 0 , (3.7) 

Rij + ^ Xij + ^ ixxij - 2Xi^ Xkj) + ^Nj^ - ^ Xij 0 - 

^ (9iA ^ ^ 9ij 9^^ dkA diA - n di(3 dj(3 = 0 , (3.8) 

Rr\x^ + \ Tr(x2) + - 2(^ - X 0 + X + 2 Vj V (9i(^ <9j(^ - 

1 g2v3 i2 + 1 diA djA + n$^-n dip djp = 0, (3.9) 

li^jXi - diX) + dip-I- Xi dj(p AdiA-npdip = 0, (3.10) 


A + pA + -xA = g^^d,^ d,A + g^^ V, V.A , 
P - AP +^X$ = dicp djp + g^^ ViVjp. 
Neglecting gradients, the general solution of these equations is 


(3.11) 

(3.12) 


oVdA) — 


CPx) 


K{x) 

A{t,x) = Ao{x) ± 
C2ix)e^ 


P{t, x) = 




K{x) = 


\ 


where r is the “dilaton” time 

dr 

dt 


= e^. 


“(f)e/(f) exp( 27 a(f)r), 

(3.13) 

5h[77(f) (r - To)], 

(3.14) 

tanh[77(a;) (r tq)] , 

L^iyx) 

(3.15) 


(3.16) 

a(f))2-^72(f) -nCKf) 

a 

(3.17) 

Tp = Lp- log(v/^) , 

(3.18) 
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and Ao{x),Ci{x),C 2 {x),'ya{.x) and e^(a;) are arbitrary constants. 

The above solutions, as well as the corresponding ones in the Einstein frame presented 
in the following subsection, generalize to the quasi-homogeneous case the results of Ref. H. 


For backgrounds with special symmetries similar solutions have been found in . Since the 
time dependence is implicit in the above solutions (through Eq. ( p.l^) ), and their behaviour 


is similar to the one in the Einstein-frame, we defer the discussion of both to Sec. We 
only note here that the dilaton held has a singularity at both ends of the time evolution, 
even for a very small axion held. However, before jumping to the conclusion that we must 
face a strong-coupling regime in the far past, we have to see what the actual range of validity 


of our approximations is. This discussion too is postponed to Sec. |V. 

In order to expose the existence of an S-duality symmetry connecting pairs of diherent 
solutions, we hrst consider the same equations/solutions in the Einstein frame. 


B. Einstein-frame description 


The Einstein-frame metric is obtained by the conformal transformation 




(3.19) 


The low-energy ehective action with an axion and a modulus held, Eq. ( p.2|) , becomes 

= J d^ip d^ip - ^ g>^'" d^A d^A - n g^^' 3^(3 , (3.20) 

with equations of motion 


- ]^g^,uR = ^df,ipd^ip - ^ ^ d^A - ^ g^^ {dAf + 


nd^l3di,(3-n]^g^y{dj3f, (3.21) 

d'"" dfiA d^A , (3.22) 

d^i^e^^r‘'d,A)=0, (3.23) 

d^{^f^gr^d,f3) = 0. (3.24) 

In the synchronous gauge ^oo = ^oi = 0 we obtain 

202 + 4n 02 + 2e2^ + Tr(x2) _ ^2 _ 4 ^ _ 

2g^^ dicp djcp - An g^^ 3^(3 3jf3 - 2g^^ 3iA 3jA , (3.25) 
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(3.26) 


(p+-Xip-e^^A^ = V, d,A d,A , 


{x"j) + 2 ^ X"j = -2 R'j + dk(p dj(f + 2n g^^ dk(3 dj(3 + dkA djA , (3.27) 


X,i - Xij = -0 di^p - 2n$dil3 - A diA , (3.28) 


A + 2ipA+-xA = 2g^^ ditp djA + g'-^ ViVjA , 

f3 + ^xP=~g^^V.V,p. 


Disregarding spatial gradients, Eq. (|3.27|) can easily be solved, and we get 

2 


X = 


i - to ’ 

while the general solution can be written in the form 

2Xaix) 


9ijii, x)=Y, e-(^) e“(f) , I] Aa(f) = 1, 

a V ^ 0 / 

F{x) (l- 




=$o(^) 


^oj ^ F{x) \ to) 


A{i,x) = 7lo(f) ±2e-^°(^)' 


F{x) 

1 

1-1 

q(x) 

F{x) 

1 

1-1 

m 1 

^ F(x) 

1 

1-1 

-gix)' 


t 


P{t, x) = Poix) - D{x) log y - ^ j , 
where ^o{x), F{x), D{x), Ao{x) are arbitrary functions of space and 


q{x) = V21-Y1 ^a(^) -nD^{ 


X) 


(3.29) 

(3.30) 


(3.31) 


(3.32) 

(3.33) 

(3.34) 

(3.35) 


(3.36) 


Some remarks on these solutions are in order. First of all, we still have to impose the 
“momentum constraints” (|3.28|) (at any given time) on these solutions. The axion field, in 
the limit t —>■ to, goes to the arbitrary function v4o(x). Since the dilaton held is increasing 
towards the singularity, terms like in the equations of motion may become 

important and can no longer be disregarded. However, as we will see more accurately in 
Sec. 0, we are not allowed to extrapolate the solutions (p.32|) - (p.34|) into the string phase. 
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when the coupling constant and/or the curvature (in string units) are of order 1. Imposing 
these limitations, it is possible to estimate the following behaviour for the terms involving 
the axion held 


ViAVM 

(p2 


<o 



(3.37) 


where Mg is the string mass scale. Therefore, if we limit ourselves to energies much smaller 
than the string scale, it seems to be well justihed to neglect spatial gradients in comparison 
with time derivatives. 

Another important feature of the solution (|3.33|) is that it hits a strong coupling singu¬ 
larity in the far past, as in the string frame. As already mentioned, the discussion of this 
point is postponed to Sec. 


C. S-duality 


Let us introduce the matrices N G SL{2,R): 

( 


N = 


A 




and J: 


J = 


V 


0 1 
-1 0 


Neglecting the modulus held, the ehective action ( p.20|) becomes 


R-Jd^N) 


d^xJ-~g 


in particular, the “momentum” constraint, Eq. 


, transform to 




(3.38) 


(3.39) 


(3.40) 


(3.41) 


We note that the “momentum” constraint is manifestly invariant under a generic transfor¬ 
mation 0 of the group SL{2, R) 

I 

n ^ \ 

(3.42) 


0 = 


5 7 
{3 a 
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{6a — /97 = 1 ) acting on the backgrounds as follows 


N , 


(3.43) 


as is easily checked using the property 0^ J Q = J. The S-duality transformation (|3.43|) can 
be written equivalently as 

aS + 


S = {A + ie-^) ^ S' = 


(3.44) 


7^ + ^ ■ 

In the same way as in and |^, we can relate, with an S-duality transformation of 
and A, the dilaton-vacuum solutions with a constant axion to particular axion-dilaton 
solutions with a time-dependent axion. Indeed, applying an S-duality transformation to the 
dilaton-vacuum solutions with zero axion 

2Xa{x) 


gij{i,x) = Y, e“(f) e“(x) 


^V(i,x) _ ^<po(A I 


-q{x) 


to, 


, ^Aa(x) = l, 

a 

Ait, x) = 0 , 


(3.45) 

(3.46) 


we get the particular axion-dilaton solutions, with time dependent axion 


q{x) 


-q{x) 


A{t,x) _ 2 g-V3o(®) M _ ^ I _|_ ^2 gipo(^) M _ _ 


to. 


to. 


7 -g I ^ j I ^ j ^ (3.47) 

(3.48) 


P , 7 


1 

1-1 

q{x) 

5 5 

^2 Q-ipoix) 

6-i) 

q{x) 

+ 52 

6-i) 

-qix)' 


Unlike in the general case, in these particular S-duality generated solutions the axion held 
approaches a constant value as one goes towards the singularity and we do not face the 
problem of a possible failure of the small-gradient expansion. Also note that we can obtain 
Eqs. (|3.47|),(^^TSD directly from the general solutions Eqs. (p.33|),(P75^) with the choice 


Aoix) = 2^6, F{x) = ^ , Ao(x) = |. 

0 0 


(3.49) 


IV. LIMITS OF VALIDITY OF THE APPROACH 

The classical equations of motion considered in this paper and their solution in the 
quasi-homogeneous case are valid only in a rather restricted domain for the helds and their 
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derivatives. Generally, there are two restrictions concerning the use of the effective action 
coming from string theory. The hrst one is that the coupling constant should not be too 
large since otherwise the higher loop corrections and non-perturbative effects (such as the 
dilaton potential) start to be important. The second limitation concerns the energy density 
(or if we prefer the curvature) which should be smaller than the string scale. At higher 
energies/curvatures massive modes of the string are excited and the whole picture based on 
the massless background helds breaks down. 

To these two very general restrictions we have to add, in our context, that of neglect¬ 
ing spatial derivatives. We have to check, a posteriori, the range of validity of this third 
approximation. The situation can be described qualitatively as follows. 

As one moves forward in time from fairly homogeneous initial conditions towards the 
singularity, the approximation of neglecting spatial gradients becomes better and better. 
We should thus trust our asymptotic solutions near the singularity as long as the other 
two general limitations (on coupling and curvature) are fulhlled. Unless we want to make 
assumptions about what happens at strong coupling and/or curvature, these considerations 
limit the duration of the PBB era through an upper bound on its end. However, in order to 
make a reliable estimate of the total duration and of the number of e-folds, we also have to 
estimate the time, in the past, at which the small-gradient approximation breaks down, i.e. 
we have to hnd the relevant constraint on the beginning of PBB inflation. These questions 
will be studied in Sec. 

The other important issue concerns the very early-time behaviour of our solutions, much 
before PBB inflation started. Here we enter a regime in which spatial and time derivatives 
are of comparable importance. Singularities or other features appearing in our asymptotic 
solutions in these regions cannot be trusted a priori. New techniques have to be used in order 
to hnd out what the early-time behaviour of our solutions actually is. A hrst attempt to 
answer this question was made in Ref. [0]. In Sec. p!VB| we will present some more results on 
this topic and even motivate a conjecture on the nature of a generic early-time “attractor” 
(going backwards in time) in the case of PBB solutions with negative spatial curvature. 
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A. Limits on perturbative PBB inflation 


In order to estimate the duration and number of e-folds of the PBB phase, we will compute 
the next-to-leading-order corrections to our asymptotic formulae in the string frame and thus 
estimate the time at which the small-gradient approximation breaks down. This instant will 
be taken as the beginning of the PBB phase. Dehning the variable 


where 


W{t,x) = e 




Eqs. (|3.7|) 


with A = 0 = /d can be rewritten as 


W{t,x) = lT(t,T)P(t,f), 

(x/lT(f,f))- = -21T(t,a;)n/(t,f), 


T(t,xj = + (V^)" - 2g‘=V,Vj^, 

n/(t,x) = fl/ + v,vy. 


(4.1) 


(4.2) 

(4.3) 

(4.4) 


(4.5) 

(4.6) 


Since in sufficiently isotropic regions the three-curvature R goes like (1—towards 
the singularity, we are allowed to consider, in those regions, an expansion in (1 — t/to) for 
the solutions of the above equations. We obtain 


W{t,x) 





(4.7) 

(4.8) 


where all the terms in the integrals must be evaluated on the leading solutions (f^.l7| ), (p.l8|) . 
It is easy to conclude that the small-gradients approximation breaks down at a time 4 such 
that 


h 

to 


/ T \ l/(l-MaxQ!a) 

(0 


(4.9) 


where L is the typical wavelength associated with the inhomogeneities of the metric. We 
observe that Eq. ([4.9|) can also be written in the form 
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R{tb) 

xHh) 


0{l), 


(4.10) 


and then choosing the initial time ti > tb snch that 

R{U) 




-< 


o{i). 


(4.11) 


we obtain a very natnral condition to impose at the beginning of the PBB inflationary phase. 
We are now able to estimate the nnmber of e-folds available in the PBB cosmological 


model with axion held, described in Sec. |III B| . The amonnt of inhation is commonly 
expressed in terms of the ratio of the comoving Hnbble lengths at the beginning and at the 
end of the inhationary phase 


Z = 




(4.12) 


Since we have explicit solutions only in the Einstein frame, we carry out the analysis using 
Eqs. ( |3.32|) and (|3.33| ), with (3 = 0, and then apply the transformation ( |3.19| ) in order to get 
Z in the string frame. We obtain 


a{tf) + ip{tf)/2 
d{ii) -f- (p{ii)/2 ’ 


(4.13) 


where d = We suppose that inhation starts at the time U at which the small-gradient 

expansion is still valid, Eq. (|4.11| ), and the dilaton held is near its minimum, Eq. (p.33|) , with 
(Pi > 0, in order to have an expansion phase in the string frame. We then get 


(^1-|^ (4.14) 

Let us address the question of setting a bound on the end of the perturbative PBB phase. 
Dilaton-driven inhation ends when either the string coupling constant is of order 1 or the 
(four-dimensional) curvature reaches the string scale Imposing that e‘^^<l, we obtain 
(neglecting numerical factors of 0(1)) 


Z< exp 



From 7lf< we get instead: 


(4.15) 


Z< (AjKj) 


-2/3(2-q) 


(4.16) 
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Note that in Eqs. ([4.151) and (|4.16|) the dependence on the arbitrary constant F drops out. 

Combining the various results of this section and expressing q in terms of the we 
finally estimate the upper limit of the number of e-folds during the PBB era as 


Z< Min 



(-1 + 1/3 SgaJ 
(~1 + Ha Q^a) 



(E.«--3)/6 



(4.17) 


This result generalizes to the inhomogeneous case that of ^ and shows that, in order to 
solve the standard-cosmology problems through dilaton-driven PBB inflation, the beginning 
of the PBB era must indeed lie at very tiny coupling and curvature (in string units), a point 
already made in 0. 

We may ask at this point whether such initial data represent an unreasonable amount 
of hne-tuning or, in any case, a larger amount than what is needed in usual inflation. Such 
questions are hard to formulate in precise physical terms. Rather than answering semi- 
philosophical questions, we wish to underline a crucial difference between our framework 
and the conventional one. 

In conventional inflation the pre-inflat ionary era is supposed to he in the high-curvature 
quantum-gravity regime and one is thus facing the problem of whether and how such a phase 
can prepare an “initial” state that is £t to inflate (see |ll^ , [l^ for a recent discussion). By 
contrast, our pre-inflat ionary Universe is very classical and described by the tree-level low- 
energy string effective action. As a consequence classical solutions must contain (at least) 
two free parameters (moduli) corresponding to as many transformations, which alter the 
action just by a multiplicative constant. These are: 


• a constant shift of the dilaton. 


• a constant rescaling of the space-time coordinates. 

The two moduli can be given the meaning of the value of the string coupling and of the 
curvature (in string units) at the onset of the inflationary epoch (here the transition from 
quasi-Milne to quasi-pre-big bang behaviour). But these are exactly the two parameters that 
have to be very small in order to ensure a long PBB era! 

Thus the fine-tuning of string cosmology alluded to in ^ just consists in choosing these 
two moduli in a convenient region. Such a region has finite/infinite extension, depending on 
the measure one adopts, but its boudaries are certainly only one-sided for both moduli. 
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Another point to be recalled is that the scenario of 0 is exactly homogeneous and thus 
the same alleged hne-tuning has to happen everywhere in space. In our inhomogeneous 


Universe, like in the chaotic scenario [^, it is sufficient that a convenient patch develops 
initial conditions in the right range of parameters in order that it undergoes sufficient infla¬ 
tion. Other regions may not be as “lucky” and will not experience a long inflationary era. 
Unfortunately, we may not live long enough to check whether this was the case, since those 
regions will end up being much beyond our present horizon. 


B. Early- and late-time “attractors” of PBB cosmologies 

As explained at the end of the previous section, if we look at earlier and earlier times, the 
approximation of neglecting spatial gradients, rather than the effective action itself, appears 
to become inadequate. While it looks impossible to obtain analytic solutions in this regime, 
one can go a long way towards understanding qualitatively how PBB-type solutions behave 
towards very early times. For simplicity we shall restrict most of our analysis to the case of 
D = A and vanishing antisymmetric-tensor/axion. 


1. Early-time fixed points 

Generalizing the results of |0 we shall now claim that, at least m D = A, the only non¬ 
singular early-time hxed point is the trivial Minkowski vacuum with a constant dilaton. The 
argument takes its simplest form in the E-frame where we refer to the case discussed in Sec. 
Ill Bj A linear combination of Eqs. (^.251) to (^.271) gives 

1 r. 


X = - 2 [Tr(i") + 


(4.18) 


At a regular hxed point the l.h.s. of ( [4.11^ ) vanishes and thus, since there cannot be cancel¬ 
lations, each term on the r.h.s. has to vanish as well. 

At this point we use Eq. (p.29|) to argue that, modulo surface terms, diA = 0, and 
Eq. (|3.30|) to conclude that also 3^/3 = 0. Equation (p.27|) will hnally give R/ = 0, which, in 
three dimensions, implies hat space-time. 

We conclude that initial data that do not come from a singularity in the past must 
originate from the trivial vacuum of string theory. The next question is whether the set of 
such initial data has hnite measure. 
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2. Heuristic criteria for a trivial early-time attractor 


Consider generic initial data snbject to the constraint (satisfied, in particnlar, for i? < 0) 


Ae = -2R + VV + 2n Vi/3 V*/3 + ViA VM > 0 , 

The obvions ineqnality (recall Tr(x^)/x^ > 1/3): 

1 


(r') = 7T:r^ Tr(f) + 2(p2 + 4n/32 + 2e2^i' 
2x ^ 


- 6 ’ 


(4.19) 


(4.20) 


(4.21) 


holds at all times, while the ineqnality 

(y-l) = 1 - ^ < 1 

holds at least initially. The ratio tends to decrease as we move forward in time and 

to increase as we move backwards. It thns looks reasonable to assnme that, at least for a 
snfficiently isotropic sitnation, Ae/'^ does not change sign as we go towards the far past. 
At the same time, the general constraint Ae/x^ < 1/3 is always valid (see Eq. (|3.25|) ). 
Under these assnmptions we get: 


A.I 


i 


2 < c/ < 6 , 4 < Tr(c^) < 36, t —>■ —oo . 


(4.22) 


We are now able to estimate the asymptotic behavionr of the metric by first writing the 
formal solntion 


gij{t,x) = 


Texp / dt'xit\x) 


9kj{^,x) 


(4.23) 


and by estimating the time-ordered integrals in ([4.23| ) nnder the restrictions given in (^4.22| ). 
This gives: 


an ~ e7(x) e“(f) 


(4.24) 


where c“(T) is defined by: 


1 U 


Ci{.x)=e^^{x)e{{x)e{x), c/(T) = _hm ^ / di'i'xl {i', x) . (4.25) 

t—»■—CO t JO 


Compnting the asymptotic behavionr of R from (|4.24|) we find a contradiction, nnless c“ = 2 
for all a. In all other generic cases, i.e. barring special cancellations, it is impossible to 
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keep —R/x^ (and a fortiori the ratio A^/x^) bounded from above as t —>■ —oo. The only 
consistent solution is thus 

26i 


~3 
A I 


t 


(p = /3 = A = 0, 


(4.26) 


which is the Milne Universe |^I|. Using previously given arguments, this leads straight into 
the trivial vacuum as t —>■ — cx). 

For the homogeneous, constant-curvature cosmologies considered in Q, |^, the hxed 
point just discussed is actually reached in the case of negative curvature (i.e. of positive 
Ag), while, for positive curvature, the early-time “attractor” is singular. We have checked 


that, instead, the Kantowski-Sachs cosmologies discussed in Ref. |^, being very particular 
and highly anisotropic, are able to evade our general result. The argument given above leads 
us to conjecture that the Milne Universe is the Universal regular “attractor” for sufficiently 
isotropic generic initial data having A^; > 0 everywhere. This conjecture will be further 
supported by performing a perturbative expansion of the general solution around Milne 
space-time to show that it is a stable early-time hxed point. We will also use the expansion 
near the singularity given in Sec. |1V A| in order to understand the how of the solutions near 
the singularity. 


3. Perturbative expansion around the early-time fixed point 

In this subsection we prove that the Milne metric with a constant dilaton is indeed an 
early-time “attractor”, i.e. that it is stable against small perturbations as we go backwards 
in time. 


We recall that Milne’s Universe [^| is actually isomorphic to a wedge of hat Minkowski 
space-time where constant-Milne-time hypersurfaces are constant-3-curvature hyperboloids. 
In formulae the background 


ds^ = -dF + P 


+ 


\1 -|- j 

25 ) ~. 26 ) 

U- = ^ K" = — ^ 


V? = const., ^ ~ , ..j 

can be brought to Minkowski’s form by the transformation: 

r = , , r < 0 , 


^ = V ^ P > 


a/t^ - ’ 


2 ^ 2 
P<T 


(4.27) 

(4.28) 

(4.29) 
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where p and r are the Minkowskian coordinates. Given the basic triviality of Milne’s Universe 

can be 


it is not snrprising that the exact held eqnation for p in Einstein’s frame, Eq. 
completely solved in snch a backgronnd. The resnlt (see for instance |^) reads: 

^ + Cim{r, i ), 

l^m 

_ poo _ 

Cim{r,t) = dp bpim exp(-zplog(-f/To)) Vpi{r ), 


y/r 


Vpi = 


(4.30) 


(4.31) 


where Y)m(fl) and are the nsnal spherical harmonics and associated Legendre fnnctions 
respectively. The two classical modnli discnssed earlier show np in the general solntions 
as </9o, an arbitrary constant, and Tq, an arbitrary overall normalization parameter with the 
dimensions of time (recall that p and r are dimensionless). In particnlar the “s-wave” (Z = 0) 
contribntion takes the form (with a slightly redehned coefficient &poo): 


p = Po + 


Tn 


dp 


'JpOO 


{- 


-ip[log(-t (v/T+p'+r)/ro)] _ g-ip[log(-t (Vl+r^-r)/To)]| 


(4.32) 


r(—t) J-oo ■ ip 

The qnalitative stndy of the general solntion is greatly helped by recalling the large and 
small r limit of the fnnction Vpi appearing in ( [4.301 ), i.e. 




0 , 




1 

- ute 


oo. 


(4.33) 


r(i + i + ip) J 

Clearly, p ^ pq as i = —cx), and the backgronnd goes, as expected, to the trivial vacnnm. 
Given a properly normalized distribntion of the Fonrier coefficients 6 p 00 ) (0/x)^ ~ (^oA)^ 
remains very small for t -C —To- The same is trne for the spatial derivatives of p and it is 
also expected to be the case for the flnctnations of the metric itself, since they are similarly 
behaved This conhrms that Milne’s Universe is an increasingly accnrate solntion to 

Eq. (|3.25D as f —>• —oo. 

However, the back-reaction from the flnctnations of the dilaton and the metric becomes 
0(1) at f ~ —To and r<l. As a resnlt, we expect the Milne backgronnd to tnrn qnickly 
into a pre-big bang behaviour at least in regions where the spatial cnrvatnre is still negative. 


For f > — To the approximate solntions will be those given in Sec. |T| np to a redehnition 
of the time at which the singnlarity occnrs. Typically, a whole region of proper size 0(To) 
(the Hnbble horizon at f = — Tq) is expected to nndergo inflationary behavionr. We plan to 
investigate this phenomenon nnmerically in a fntnre pnblication. 
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Let us now study the perturbative expansion around Milne’s Universe. The perturbed 


Eqs. (|3.25|) - (|T??| ) read 


+ j^X+ (<5x) + ^ 5x\ Sx) = 0, 
{5x)) + j + i m + 2^^^- + ff'' d,6cp = 0 , 

{6(p) + ^ <5x {6(p) + j (d(f) - ^ d(A(f) = 0 , 


(4.34) 

(4.35) 

(4.36) 


where A denotes the three-dimensional Laplacian built up from the three-dimensional metric 
appearing in ( 4.27 ). We will see below that it is consistent to disregard the second term in 
Eq. (|4.36|) and the term that comes out from the variation of the Laplacian. Therefore 
Eq. (|4.36|) is decoupled from the rest and can be easily solved. 

For simplicity, we will restrict ourselves to the “s-wave” case and we set Tq = 1. Using 
Eq. ( F 

1 


we get 
(5(p = 


^ (-t(r -1- Vl + - Q + a/1 r^)^ 


(4.37) 


r{-t) L' 

where ^ is a priori an arbitrary function. However, for a sufficiently well behaved distribu¬ 
tions of Fourier coefficients 6poo, the function Q is bounded by a constant at large t (and 
hxed r) and we can write, up to oscillatory factors, 

nr) 


Sip = 


cr > 1, 


{-iy ’ 

Eqs. ( |4.34| ) and ([4.35|) are solved by the ansatz 


-CX) . 


(4.38) 






+ 




+ TV + 




(4.39) 


and using Eq. 


we get 




Tr 13 = 


TrC = -TriAy 


(4.40) 


2a- 1 

We now come to a qualitative analysis of the phase space of the trajectories in the range of 
validity of our solutions, either near the early-time “attractor” or towards the singularity. 

a. Behaviour near the early-time “attractor”. In the Einstein frame the “Hamil¬ 
tonian” constraint reads 


El -|- S2 -|- S3 — 1, 


(4.41) 
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where 




3 LfP- 


So = 


3 Tr(x: 


X" ■ 2^2 ’ 

and for any matrix we have dehned 

{St)\ = S] 


S 3 = 3 


2 - 


3Aj 


3^}Tr^. 


(4.42) 


(4.43) 


This allows us to draw a “flow diagram” in the plane shown in Fig. ^ where to simplify the 
presentation we constrain a to be in the region 1 < a < 3/2. The result for larger values 
of cr is similar. The individual contributions from the perturbed solutions, Eqs. (|4.38|) and 


( [4.39| ), are (we neglect terms with power 1/t higher than 2): 


Si~ 


So ~ 


12 / 2 ^ 

Tr(^2 


So ~ 1 


2412 ’ 


12f2o 


Tr(^^) 

24/2 


(4.44) 

(4.45) 

(4.46) 


As can be seen from this result, there are two different behaviours of these contributions 
when t —oo\ for cr = 1, Si, S 2 and (1 — S 3 ) are of the same order, while for 1 < cr < 3/2, 
S 2 and (1 — S 3 ) are dominant. In Fig. |]the hrst case, cr = 1, is represented by trajectories 
that can have any angle (less than 7r/2) with respect to the S 3 axis, in the second case the 
trajectories are tangent to the straight line 0 = 0 . 

For cr > 3/2 the behaviour of the contributions is the same as in the 1 < cr < 3/2 region, 
but there are higher-order terms to all of them. 


b. Approaching the singularity. In Sec. |IV A we have derived in the string frame 
the next-to-leading solutions in the small-gradient expansion. These solutions must satisfy 
the “Hamiltonian” constraint (p.l4|), which can be put in the form 


Ti + T2 + T3 = 1, 


(4.47) 


where 


Ti 


X 


120 


.2 ’ 


T 2 


Tr(x^) 

40^ 



(4.48) 


To evaluate the slope of the trajectories in the “flow diagram”, we will use Eqs. S) and 
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“ FLATNESS ” 



FIG. 1. Approximate flow diagram from the early-time attractor to the singularity. 


( [4.8|) . Hence we get 


^2 ^ ^ (E ^ 2: - r (to -1)^ 

Ts ~ r (to - tf , 


(4.49) 

(4.50) 

(4.51) 


where 


lit, x) = [ dt' (to — t') 

Jto 

(E«a)^ + E«« 


a a _ 

a ) 


Using the relations 


^ - S‘y), 


X 


B = e‘' R + 2g'’ViVjip-^g'’diipdjip 


(4.52) 


(4.53) 

(4.54) 


we can express the Einstein-frame quantities Si, S 2 and S 3 in terms of the string frame’s 
Ti, T 2 and T 3 . We get, in the super-inflationary PBB case. 
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3(1 + v/ 3T7)^ ^ , 3(1-Ea«a)^ 12(1- Eg ag) ^ 

{3 + VW;y (3-Ea«a)2 (Ea«a)(3-Ea«a)3 ’ 

6 T 2 2(3-(Eaaa)^) 12 ( 1 -Egag) ^ QT {tp - tf 

(3 + v/ 3TT)2 (3-Ea«a)2 (Ea«a)(3-Eaaa)=' {S-EaC^a)^' 

6 T 3 ^ 6 r(to-t)^ 

(3 + y3TT)2 ■ {S-EaC^ay 


(4.55) 

(4.56) 

(4.57) 


Note that in a super-inflationary cosmological model (X^a < 0) with negative three- 
curvature, if we are in a sufficiently isotropic region where Ea^^a < — 1 we have globally 
X < 0 and then the behaviour in time is 

3(1-Eaaa)' _o. oA A tx2-2Maxa. 


Si ^ 


(3 - Ea «a)^ 


log^ 1 


^ 2(3-(E.a.)^) ^ ^^2 


(3-Ea«a)2 


S 3 ~ 02 log2 1 - 


1 - 


t 

to 

- 02) log2 

^ \ 2—2Max aa 


to 

1-1 

to 


1-1 

to 


2—2Maxa„ 


tr 


(4.58) 

(4.59) 

(4.60) 


Hence, we can conclude that 5 Si, 5 S 2 and S 3 are all of the same order in the limit 
t —>• to, and the trajectories of the solutions in the flow diagram (see Fig. |I|) can have any 
slope relative to the S 2 axis, depending on the values of S and 0 . 


V. SUMMARY AND DISCUSSION 

We have been able to extend previous work by showing that, even in the presence of 
an antisymmetric-tensor/axion background, or of internal-dimension moduli, pre-big bang 
type inflation emerges naturally in string theory from generic initial perturbative data. Rea¬ 
sonably smooth initial patches inflate and keep becoming increasingly homogeneous and 
(spatially) flat, at least as long as the low-energy tree-level effective action description is 
valid. 

We were able to estimate the duration of the perturbative pre-big bang phase and to 
show that it depends on two (arbitrary) classical moduli. A sufficient amount of inflation 
requires these moduli to be both bounded from above, something we do not believe has much 
to do with the concept of fine-tuning. The question remains open of whether higher-order 
{a' or loop) corrections might deform the classical moduli space and allow a prediction for 
the duration of perturbative pre-big bang inflation. 
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We have also analysed the behaviour of our solutions towards the far past and argued in 
favour of the existence of a rather large basin of attraction towards a Milne-type Universe 
with trivial dilaton, axion and moduli. Since Milne’s Universe is equivalent to (a wedge of) 
Minkowski space-time, such a state is nothing but a disguised form of the exact perturbative 
vacuum of string theory. This result (which should be established on more rigorous grounds) 
leads to a striking confirmation of the viability of the basic pre-big bang postulate, stating 
that the Universe started its evolution from the trivial vacuum of string theory. 

As we have shown in Section 4, such a state, being an early-time attractor, actually 
becomes a repulsor as we move forward in time, i.e. is classically unstable with respect to 
small fluctuations of the metric and of the dilaton-axion system. The generic cosmologies 
that spring out of the trivial vacuum consist of a quasi-Milne era, followed by an inflationary 
quasi-homogeneous pre-big bang era. The value of the string coupling and of the spatial 
curvature at the transition between the two phases are the two above-mentioned classical 
moduli. 

Quite possibly, the most generic kind of string cosmology will be quite inhomogeneous in 
a global sense, since, a priori, the two moduli may take different values in different regions 
of space. As in chaotic inflation [^], homogeneity is a local property valid up to some scale 
determined by the size of the original patch, which gave rise to our observable Universe, and 
by the amount of inflation it suffered. 

We hnally recall that, once pre-big bang behaviour sets in, primordial vacuum fluctuations 
are parametrically amplihed. Equivalently, in a particle-physics language, massless quanta 
are copiously produced by the time-dependent backgrounds. By the time the string coupling 
has grown to about its present value, these quanta are able to dominate the energy and to 
lead the Universe straight into the hot big bang era 


24 


Many points are still unclear throughout the picture, and much work is still needed, both 
on the topics discussed in this paper and on the issue of the transition from the pre-big 
bang to the FRW phase (the exit problem). However, the possibility that the hot big bang 
conditions—which we know to have prevailed some 15 billion years ago—simply emerged 
from the basic instability of the trivial (i.e. cold, empty, flat, free) vacuum of string theory 
appears to be gaining further credibility from the results reported here. 
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APPENDIX A: 

We will restrict ourselves to the case without axion and modulus helds. 


Momentum constraints for d = 2: Einstein frame 

In the 2-1-1 dimensional case we can choose the spatial coordinates in such a way as to 
make the “zweibeins” diagonal. Equations ( p.32|) and ( 3.33 ) then become 

2 Ai(a;,i/) 

I . + A2(a:,9) = 1. 


g(i,x,y) = 1 


t 


to. 


(Al) 

X, y) = y)-V2 - Af - Ai log > (A2) 

and for the “momentum” constraint, Eq. (|3.27|) , we get (redehning A = Ai for simplicity) 

da;X - (1 - 2 A) VA - A2 , (A3) 


-dyX (1 - 2 A) dyPi = {dyipo) VX-X'^ 


(A4) 


Note that the two equations are decoupled and that they can be solved for /3i and P 2 by 
quadratures once A and (po are given. 


Momentum constraints for d = 2: string frame 


We now re-express the results of the previous section in the string frame in order to be 


able to discuss T-duality. The solutions (|2.17|) and (|2.18|) for the two-metric and the shifted 
dilaton are 











(A5) 

(A6) 


9ij{t, X, y) = 5ij (^1 - 

^it,x,y) =TpQ{x,y) - log (^1 


^ \2ai(x,y) 


to 



al{x,y) + a 2 {x,y) 


1 , 


In the “momentum” constraints, Eq. (p.20|) , the leading terms as t —> to automatically cancel 
and we get: 


dxiai e ^0) - e {ai d^(5i + a 2 d^p 2 ) = 0 , (A7) 

dy{oi2 e — e (cTi dyPi + 0:2 dyP2) — 0 • (^8) 

Introducing the function 


^o{x,y) = ^Q{x,y) + pi{x,y) + p 2 ix,y) 


(A9) 


Eqs. 


and (A8|) become 


dx(32 

dypi 


d^ai - aid^y:>Q 
Oi2 — 

dya2 - a2dy(po 

Oil — 0'2 


(AlO) 

(All) 


Hence, also in the string frame, the “momentum” constraints are solved by quadratures 
provided (po{x, y) and, say, cti are used as inputs. Barring pathologies, we can always change 
the input ai by a duality transformation (e.g. ai —>• —ai) while keeping </9o(x, y) unchanged, 
and solve again in /3i, j32, thus reconstructing the new Tp^i^x^y). In this way we will arrive 
at a rather odd generalization of T-duality transformations in the asymptotic limit of the 
quasi-homogeneous case. It would be more natural to keep Tp^i^x^y) rather than tpQ^x^y) 
unchanged under duality, since this is what happens for the time-dependent parts, but then 
it is not clear how a solution can be explicitly constructed. 
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